Abstract. We study and classify all torsion-free genus zero congruence subgroups of the modular group.
Introduction
In this paper we give the explicit list of all the genus 0 congruence subgroups of the modular group with no elliptic elements. This study was motivated by previous work in collaboration with John McKay, [2, 3] , in which we studied the properties of Hauptmoduls originating from Moonshine under the action of the Schwarzian derivative.
Given a genus 0 Fuchsian group of the first kind acting on the upper-half plane H, and a Hauptmodul f for G, the Schwarzian derivative {f, τ}, τ ∈ H, is a weight 4 automorphic form. For example, if G = Γ(2) and λ is the Klein elliptic modular function (which is a Hauptmodul for Γ(2)), then we can show easily that 1 π 2 {f, τ} = E 4 (τ ), where E 4 is the Eisenstein series of weight 4. Now E 4 is a modular form for the full modular group and it is holomorphic everywhere, including at the cusps. In fact, for a general group G and a Hauptmodul f , one can show that {f, τ} is a weight 4 automorphic form for the normalizer of G in PSL 2 (R), with a pole of order 2 at each elliptic fixed point and which is holomorphic everywhere else including at the cusps. Thus, the fact that {f, τ} is holomorphic everywhere is equivalent to G being torsion-free. Investigating these facts for Hauptmoduls originating from Moonshine, for instance those corresponding to Γ 0 (n) for n = 4, 6, 8, 9, 12, 16, 18 (these are the only ones of this form with genus 0 and no elliptic elements), it turns out that the Schwarzian derivative of the Hauptmoduls of these groups coincides with theta functions of some easily described rank 8 lattices (notice that E 4 is the theta function of the root lattice E 8 ). This phenomenon is still true for the principal congruence groups Γ(n) which are genus 0 and torsion-free (namely for n = 2, 3, 4, 5); each has a Schwarzian derivative equal to π 2 E 4 because their normalizer is the full modular group and because the space of weight 4 modular forms for the full modular group is 1-dimensional. More interestingly, this is still true for those groups of the form Γ 1 (n), namely for n = 4, 5, 6, 7, 8, 9, 10, 12 (these are the only ones). To better understand this phenomenon, we were interested in determining all the congruence subgroups of the modular group which are torsionfree and genus 0 as explicitly as possible (if we drop the congruence condition, then there are infinitely many conjugacy classes of such subgroups).
From another point view, it is shown in [5] that a congruence subgroup of PSL 2 (R) which is genus 0 and torsion-free is necessarily conjugate to a congruence subgroup of PSL 2 (Z). Thus, the classification in PSL 2 (Z) yields the classification in PSL 2 (R) and as a consequence gives a positive answer to some questions raised in [2, 3] related to the classification of the Moonshine groups which are torsion-free and genus 0.
The purpose of this paper is to carry out the classification inside PSL 2 (Z). This is done by studying the cusp widths. The main idea is that if a genus 0 torsionfree subgroup of the modular group shares the same cusp widths with one of its subgroups, then it must be equal to it, as such a group can be generated by a set of parabolic elements only. Hence if we start with a congruence group of level m, this descent will take us close to Γ(m); the result is a set of easily described groups which were introduced by H. Larcher in [1] . Filtering those groups which are torsion-free and genus 0, we obtain 33 conjugacy classes inside PSL 2 (Z) which are partitioned into 15 PSL 2 (R)−conjugacy classes.
Congruence groups
The content of this section is basic and can be found for instance in [6] and [4] . Let PSL 2 (Z) be the modular group which consists of the transformations
For convenience, the modular group and its subgroups will be represented by matrices with the understanding that a matrix and its negative will be identified. The principal congruence subgroup of level m, m being a positive integer, is defined by
A congruence subgroup of level m of the modular group is a subgroup which contains Γ(m) for some positive integer m and does not contain any Γ(n) for n < m. Examples of such groups are
The indices of these groups in the modular group are given by
Each congruence group Γ acts on the upper-half plane H = {τ ∈ C, Im(τ ) > 0} in the usual way. If a nonidentity transformation in Γ corresponds to a matrix A, then A has a fixed point in H if |tr(A)| is 0 (resp. 1); in this case A is of order 2 (resp. 3). Such a transformation is called elliptic, and so is the fixed point. Finally, if r is a cusp for Γ, the stabilizer of r in Γ is a subgroup of finite index in the stabilizer of r in PSL 2 (Z), and both are infinite cyclic. The index between the stabilizers is called the width of the cusp r in Γ. Conjugate cusps in Γ have the same width and the sum of widths of all the inequivalent classes of cusps is equal to the index of Γ in PSL 2 (Z); see Chapter 2 of [4] . Moreover, it is shown in [1] that the least cusp width is the gcd of all the cusp widths, and that the level m is a cusp width and is the lcm of all the cusp widths. Furthermore, the set of cusp widths is closed under gcd and lcm.
Larcher congruence groups
In [1] , H. Larcher introduced a large class of congruence subgroups of the modular groups. These groups generalize the classical congruence groups Γ(n), Γ 0 (n) and Γ 1 (n). To describe them we follow the treatment of [1] .
Let m be a positive integer and d a positive divisor of m. Write m/d = h 2 n, with n square-free. Let ε and χ be positive integers such that ε|h and χ| gcd(dε, m/dε 2 ), and let τ ∈ {1, 2, · · · , χ}. Define the following: ,
except for Γ 1 (4; 2, 1, 2) = Γ(2) and Γ 1 (8; 8, 2, 2), which are equal to Γ(2) and Γ 0 (4) respectively.
Torsion-free genus 0 groups
Let Γ be any subgroup of PSL 2 (Z) of finite index µ and genus g. Let ν k (k = 2, 3) be the number of inequivalent elliptic fixed points of order k (which are fixed by transformations of order k), and let h be the number of the inequivalent cusps, which we also call the parabolic class number. Then the Riemann-Hurwitz formula yields
Suppose that Γ has r conjugacy classes of elliptic cyclic subgroups of orders m 1 , . . . , m r (m i ∈ {2, 3}). Then we say that Γ has signature (g; m 1 , . . . , m r ; h). The structure of the group can be determined by its signature. In fact the group Γ has a presentation:
Generators:
Relations:
The generators P i are parabolic, the E i are elliptic and A i and B i are hyperbolic.
We note that what has been said so far in this section generalizes to any finitely generated Fuchsian group.
From the presentation of the group Γ, it is clear that if Γ is torsion-free (that is to say, it has no elliptic elements), and if it is of genus zero, then it can be generated by parabolic elements only. In such a case, it follows from (4.1) that
The modular group PSL 2 (Z) is the free product of a cyclic group of order 2 and a cyclic group of order 3. Using Kurosh's theorem, a torsion-free subgroup of finite index Γ is a free group. When Γ has genus zero, its In the next section, we will list the congruence groups which are torsion-free and genus zero. It will be easy to decide whether they are genus 0 simply because they are all conjugate to one of the groups of the form Γ(n), Γ 0 (n) or Γ 1 (n) which are mentioned in the introduction, or are Γ 0 (16) ∩ Γ 1 (8) and Γ 1 (8) ∩ Γ(2). We therefore need the following result: Proof. The two groups are conjugate by τ → 2τ ; we will deal only with Γ 0 (16) ∩ Γ 1 (8). It is not difficult to see that this group has index 48 in PSL 2 (Z). As a subgroup of Γ 0 (16), it is torsion-free. Thus, using the formula (4.1) to prove that the genus is 0, we only need to show that the parabolic class number h is 10. The group Γ 0 (16) ∩ Γ 1 (8) coincides with the Larcher group Γ 1 (16; 16, 1, 2), for which we can establish the widths of all cusps using (3.2). For the cusps 1 and 1/3, the width is 16, for the cusps 1/2 and 1/6 the width is 4, for the cusps 1/4 and 1/12 the width is 2 and for the cusps 1/8, 3/8, 3/16 and 1/16, the width is 1 (1/16 is equivalent to ∞). We will show that those having the same width are inequivalent, and then we have the 10 inequivalent cusps we are looking for. The cusps 1 and 1/3 are inequivalent modulo Γ 1 (8), otherwise we will have, for some integers a, b, c and d satisfying the determinant condition a + d + 8ad = bc, This is equivalent to 3(1+8a+4d) = 1+4c+8d, which is impossible mod 4. Similarly, the cusps 1/8 and 3/8 are inequivalent modulo Γ 1 (8) and so they are modulo Γ 0 (16) ∩ Γ 1 (8 
The proof
According to Proposition 4.1, it is enough to determine all the Larcher congruence groups which are torsion-free and genus 0. We start with the following (iii) ε = 3 : χ = 1 or 3, and ε 2 χ|m gives 9χ|m. If χ = 1, then md/χ ≤ 25 yields m ≤ 25, so that m = 9, 18; these correspond to the groups Γ 0 (9) ∩ Γ 1 (3) = Γ 0 (9) and Γ 0 (18) ∩ Γ 1 (6) = Γ 0 (18). If χ = 3, then m ≤ 75 and 27|m, so that m = 27 or 54. For m = 54, the groups corresponding to τ = 1 or 2 are conjugate by to Γ 1 (18) and τ = 3 gives Γ 0 (54) and none of these is genus zero. For m = 27, τ = 3 yields Γ 0 (27) which is not of genus 0. However, τ = 1 or 2 yield two genus zero groups which are conjugate to Γ 1 (9) by and hence of genus 0, and τ = 2 gives the group Γ 0 (32) which is not of genus zero. If χ = 4, then m ≤ 100 and 64|m so that m = 64. In this case τ = 1, 3 give groups that are conjugate to Γ 1 (16), τ = 2, 4 give groups that are subgroups of Γ 0 (32), and none of these is of genus 0. the following properties:
• The width of 0 (which is the level) is the lcm of all widths.
• The width of ∞ is the gcd of all widths.
• The sum of all widths equals the index of the group in PSL 2 (Z). These widths were computed using the above properties in some cases, and in other cases by finding a set of inequivalent cusps for the group and using (3.2).
